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Abstract

Hamiltonians for a particle on a manifold in a magnetic field are constructed as
Bochner-Laplacians. We show for the case of a torus and a given magnetic
field that they are in one to one correspondence with the constituents in the

Bloch decomposition of the unique Hamiltonian on the universal covering.

Introduction

We consider a Schrodinger Hamiltonian on a Riemannian manifold with
magnetic field and its relation to the corresponding Hamiltonian on the
universal covering manifold. This problem is motivated by and our results may
be useful for some questions around models for the Quantum-Hall-Effect
[TKNN], [A-S-Y], [A-K-P-S]. We review first the well known geometrical
construction of the Hilbert space of quantum mechanical states and the Hamil-
tonian of the system for magnetic fields with integral flux. In this setting the
Hilbert space consists of L2-sections in a hermitian line bundle with con-
nection over the manifold of configurations; curvature of the connection is the
magnetic field, and dynamics is generated by the Bochner-Laplacian. The con-
struction is not unique if the manifold is not simply connected. The family of
hermitian line bundles with connection (Hilbert spaces and Hamiltonians) is
parametrized by Aharonov-Bohm like fluxes through the "holes" of the

manifold, mathematically: by certain cohomology groups.

This geometric description is known. It has been used by physicists since it
was pointed out by Wu and Yang [W-Y] who worked out the case of the
sphere (the Dirac monopole). Our aim here is to emphasize the aspect of non-
uniqueness which is much less discussed in the physics literature. We use

explicitly methods of differential and algebraic geometry and to relate the non-

NMQM 1001 RQAN RQ1QTN INMK 8]NAN



uniqueness to the Bloch decomposition of the corresponding setting on the
covering space. This program is worked out in detail for the case of the two
dimensional torus. In particular we show that the Bloch decomposition of the
Hilbert space of a particle moving in the two plane leads to a Hilbert bundle
over the Brillouin zone (or in more general terms: the Jacobi torus), whose
fibre operators are in one to one correspondence with the family of Bochner
Laplacians arising in the geometrical construction. Geometrically speaking we
show that the summation over all non-equivalent Hamiltonians on the torus

gives the Hamiltonian on its universal cover.

Quantization of a particle on a Riemannian manifold in the presence of a
magnetic field is technically prequantization in the terminology of "Geometric
Quantization" [K], [Wo]. In this context it is a known technique to start the
quantization procedure on the covering space and then to "push it down" to the
original manifold. This method has recently been used in [AdPW] for
quantization of Chern-Simons Gauge Theory. It might be useful to comment
on some similarities and differences between our article and the one just
mentioned. Here we start with a Riemannian manifold with integral two form b
and classify first all possible hermitian line bundles with connection and
curvature b (Theorem 2). After that all compatible connections for a given
hermitian line bundle with curvature b are classified (Theorem 3). In the
article of Axelrod et al. the prequantum line bundle is given at the outset and
quantization is discussed in terms of all possible complex structures. Here the

manifold is configuration space. There it is phase space.

Integrality conditions for integrated curvature (magnetic fields) have a long
history. In the physics literature it starts with Dirac’s article [D]; in mathe-
matics it appears in our context in [W] and goes back to the Gauss Bonnet
theorem. Extensions of Dirac Quantization to Yang-Mills and Wess-Zumino
models using modern concepts are presented in [A]. Bochner Laplacians on
manifolds are of course the object of many articles. Let us just mention the
recent [Ku] where the spectrum is related to the closed orbits of the

corresponding classical dynamics.

The paper is organized as follows: in section 1 we recall the geometric descrip-

tion of the Quantum mechanics; section 2 contains the explicit calculation for



the torus example; in section 3 the Bloch analysis for periodic magnetic fields

18 carried out.

1. Quantum Mechanics on a manifold with magnetic field

We recall the well known geometric method for constructing the Hilbert space
and the Hamiltonian of a system under the influence of a magnetic field. Let
the configuration space be an oriented Riemannian manifold M and the

magnetic field be given by a closed real two form b on M.

If b = da the Hamiltonian is formally given by (d-ia)*(d-ia). This always
works locally. The use of local gauge transformations allows to globalize the
construction if b is not exact:

Take a cover {Uj} of M such that there exist real one forms a; on Uj and
functions fjk on Uj < U, with b=daj on Uj,aj -a, = dfjk on Uj < U,.
Wavefunctions @; @y are gauge transformed in Uj < U, by Ci = exp(ifjk)
ie.: @ = CjPy- This is sensible if the cocycle conditions CixC = C;; can be

satisfied on Uj < U, < U,.

The geometrical object which formalizes this idea is a hermitian line bundle
with connection whose curvature is b [W-Y]. The questions of existence and
uniqueness were studied by [S], [W], [K] and imply quantization conditions on

the physical system. Let us fix notation.

In the following all mappings and all manifolds are supposed to be infinitely
differentiable. Let M be a manifold and 7 : b & M a vector bundle with fibre
C; Tc M (T*C M ) the complexified (dual) tangent bundle of M; S(b) the
C”(M, C) module of sections.

If there is a hermitian structure < -, - > on b and a compatible connection V,

(b, V, < -, ->) is called hermitian line bundle with connection (HLBC).

Two HLBsC (b, V,<-,->), (b, V',<-,->") with the same base M are called
equivalent if there exists a diffeomorphism h: b @ b' with wh = mt such that for
m € M the induced mappings h_: =« “I(m) & m-!(m) are linear isomorphisms,
Viiyhes =h° Vys (XES(TM), s € S(b)) and for b € b: <h(b), h(b)> = <b,
b>.



Two connections V, V'ona HLB (b, < -, ->) are called equivalent if (b, V, < - , ->)
is equivalent to (b, V', <+, ->).

The curvature b of Vis the two form b(X, Y)s : = i(V, V, -V, V, - Vi )5
(Y, X ES(TM), s ES(b)).

b is called integral if b/2mw is equivalent to an element of the cohomology with
integer coefficients; for compact M this is the case iff the integral of
b/2movera singular 2- cycle has an integer value. For such a field it is

possible to construct a HLBC over M whose curvature is b:

Theorem 1. Consider a manifold M and a two form b on M. A HLBC

with curvature b exists iff b is real, closed, and integral .

Proof. The cohomology theories of Cech and de Rham and their equiva-
lence are used; the reader might consult [W], [G], [B-T] for this machinery,
[WI, [K], [Wo] for the proof. Q1

Remark. Moreover the following result is well known: The group of
equivalence classes of complex line bundles over a manifold M is isomorphic
to H2(M, Z); the isomorphism is given by the first Chern class. If in addition
there is a hermitian structure and a connection on the LB, its curvature is the
natural image of this Chern class in HZ(M, R). Note that the first Chern class
(as an element of HZ(M, 7)) is determined by the curvature only up to torsion

elements.

With the question of existence of a HLBC with curvature b settled the first
step towards the construction of the Hilbert space of states for a quantum
mechanical particle on the manifold M in the magnetic field b is accomplished.

Now we adress two questions of uniqueness:

Given a manifold M and a real closed integral two form b; firstly: how many
non equivalent possibilities do we have to construct a HLBC with curvature b;
secondly: given a HLB which admits a connection with curvature b, what is the
classification of the non equivalent connections with curvature b on this HLB?

We should like to stress that the two questions coincide if the Chern class is

uniquely determined by the curvature b.



The answer may be stated in the language of cohomology theory [Wo].
Denote by Hk(M, G) the singular cohomology with coefficients in G [G].
Then it holds:

Theorem 2. Given a manifold M and a real closed integral two form b.
The set of equivalence classes of hermitian line bundles with connection and

curvature b is in bijection with H (M, S 1) .

Theorem 3. Given a HLB over M and a real closed integral two form b.

The set of equivalence classes of connections with curvature b is in bijection
with H(M, R)/H! (M, Z).

Remarks. * From the Aharonov-Bohm effect [A-B] one knows for a particle
in R3\(cylinder): if one adds a vector potential to d-ia, physics remains
unchanged iff the derivative of the added potential is zero in the configuration
space and its flux through the cylinder is an integral multiple of 2. In this
sense we may regard Theorem 3 as a description of a generalized Aharonov-
Bohm effect.

 H!(M, S!) and H'(M, R)YH!(M, Z) are not isomorphic in general as one
learns from the example M = RP3: the exactness of

exp(i .)
13ZOR — S'@1

entails the exactness of
0H'M, 2)H!M, R)PH!(M,S!) @ H2(M,Z) TH2(M,R) D .. .

As an example we consider RP3 (which is not simply connected). It is known
[B-T] that H*(RP3,Z) = Z, and H?>(RP?,R)= 0. It follows that H!(RP3,R)
@ HY(RP3,S!) is not surjective.

«if M is a closed surface in R® the integrality condition implies quantization
of the magnetic flux through M. For the special case M = S?, and b = const

this is Dirac's famous result on the quantization of the magnetic monopole [D].
a

Given an integral magnetic field b on M the Hamiltonian H of the system
is by definition the covariant Laplacian on a HLBC (b, V,< -, - >) with

curvature b. This is constructed as follows:



If M is oriented, the Riemannian metric (-, ) and the volume form
o induce the Hilbert spaces (L?(b), <, >, ) and (L2 (TZM ®b), <,>g). V,its
formal adjoint V* and the Bochner- Laplacian V*V are defined on the

smooth sections with compact support. V*V is then symmetric and positive.

For an oriented Riemannian manifold M, a closed real integral two form b,
and a HLBC (b, V, < -, - >) with curvature b we make the

Definition. The Hamiltonian of a particle on the configuration space
M in an integral magnetic field b is the Friedrichs extension of the Bochner-
Laplacian V*V .

Remarks. * If M is complete, V¥V is essentially selfadjoint by gener-
alization of a result of [Ch] for the flat Laplacian. Compact Riemannian

manifolds are complete;

* an equivalence of HLBsC defines a unitary mapping U : L?(b) & L?(b"
with UHU"! = H'. If H'(M, S') is non trivial, a HLBC is not uniquely (up to
equivalence) determined by the magnetic field b. Therefore the Hamiltonian H
(and physics) is not unique (up to unitary equivalence). Note that this non
uniqueness has nothing to do with domain questions of H (as an operator on

sections of b).

eif M=R" every closed b is integral and for a withda=b, H is
represented by (d-ia)* (d-ia).

2. Schriodinger particle on the torus in a magnetic field

From now on we specify M as the two torus (a manifold with non trivial
H'(M, S')). Let T'1 R? be the lattice given by integral combinations of
linearly independent vectors e, €,. We consider a particle on the torus M :=
R2/F; M is a compact, therefore complete, oriented manifold with the natural
induced Riemannian structure. Let furthermore a magnetic field be given by a

closed integral two form b on M.

Next we shall show that any Hamiltonian arising as a Bochner-Laplacian is

unitarily equivalent to a selfadjoint realization of - (dx, -1 axl)2 - (0, -1 aXz)2



in L2(unit cell) with appropriate boundary conditions .This representation is

widely used but we are not aware of a reference.

M may be represented as a rectangle with opposite sides identified; this we
represent for the sake of notation as the image of the unit square (with

opposite sides identified) under a map E:

- [~

Fig. 1: The map E.

Let {V;:=EU}ic, 4, be the contractible cover of M defined by

I e

¥ U, Us 4

Fig. 2: A contractible cover.
Here the drawn lines represent the points in M\V i

Let {(Vj, q)j, a)} be a trivialization of (b, V, <-, - >) with transition functions
Cix and the vy i be chosen normalized, e.g.: <Y P>

=1lin Vj. A section o € S(b) is
determined by a function @, € C*(V,) via o(x) =y, (x, ¢,(x)), (x € V)); the
following holds:

Propositon 4.  Given (b, V,< -, ->) over M.
(i)  The operation
oD@, (cES(b))
has a unique continuation to a unitary
U:L*(b)DL*V)).

(ii)  Define the euclidean components of a; as ax,, A, and h the closure

of the essentially selfadjoint operator



- (9x, - i ay,)? - (9x, - 1 ax,)?
defined on functions in C*(V;) <> C*(V;)  which satisfy the boundary
conditions
(9, - ia(n))* @(E(1, q)) = c;,(E(1, q)) ¢, ,(E(0, ¢))(3,, - ia(n))* ¢/(E(0, q))
(9, - ia(n))*@(E(p, 1)) = ¢, 4(E(p, 1))c3,(E(p, 0))(d, - ia(n))*@(E(p, 0))

for a[{0,1}, p,q[[0,1];

where n denotes the normal vectorfield on the boundary of V', 9, the normal

derivative.

Then it holds for the Hamiltonian H (the Bochner Laplacian ):
UHU ! =h .

Proof. The boundary conditions follow from
o(x) = wz(x» (pz(x)) = 1P1(X, (PI(X)) x€ Vl < V2) .

519, (E(1, q)) = 9, (E(1, q)) = 9,(E(0, q)) = ¢, ,9,(E(0, )
and the periodicity of a, in the p-variable. 1

Remark. Changing the gauge of (b, V,<-, - >) (which means:
changing y; and and a, ) leads to an operator on L2(V,) which is unitarily
equivalent to h. The passage to an equivalent (b", V7, <-,- >") has the same
effect .

3. Bloch analysis; Summation over all Connections

Consider a smooth real valued function B on R* which is periodic on the
lattice T, the two-form b := B dx,3dx,which is induced by the natural volume
and a vector potential a with da =b.Then the Bochner Laplacian on the trivial
bundle R? % C with connection and curvature b is equivalent to the closure H
of the essentially selfadjoint operator ,, (Dx, - axj)2 on Cg’(Rz) ( Dy, := -1 0x,
) !



We now present our main result. We shall show that H may be represented as
summation of Bochner Laplacians over the family of inequivalent HLBsC and
curvature b over the Torus R2/F; or, equivalently, over all connections with

curvature b on a fixed HLB.

To do this, we employ ideas from Bloch analysis and the theory developed in

sections 1, 2.

By Bloch analysis we mean the reduction of H to the eigenspaces of the
abelian group of magnetic translations which commutes with H. This group

was introduced by Zak [Z] (for the case B = const) . It is defined as follows:

Denote the fundamental cell of T" by

C:= {xER% x =<x,,x,>=pe, + qe, (p,qE [0, 1))} =E ([0, 1)2),

divide the function B in its constant and oscillating parts B = B, + B_ _ where
B, = mf b, splitb=b_ + b__ in the obvious way, and choose the gauge a
=a_+a_ C with a (x,x,) = B/2 (x,dX,- x,dx;), a_ (x + m) = a_ (x),

da _=b_ . Then T(m) is defined for m ET" as an operator on L2(R2) by

C

T(m) Y(x) = elaOmp(x -m) P E CHR?)

(where m as usual is identified with the constant vector field m(x) = m).

These magnetic translations fulfill the Weyl relations:
T(m) T(") = ¢ ™) Tm +7) (m,” ET);
of course: b, (m,]) =B _(m,1l, - m,I,).
Form €T,y € CS’(RZ) it holds:
[T(m), (95, - i ax,)] Y(x)
=i efac(x)(m) qp(x-m) ( axl(x) - axl(x—m) + leac(x)(m))
=i e-1ac()(m) (x-m) ( acxl(x) - acxl(x—m) + axlac(x)(m))

=0,



[T(m), (0, - i aXZ)] = 0.
It follows:
[T(m), H] =0 on C{(R%).

Remark. T(m) = e-i(m. D+a) i the magnetic translation generated by
D + a_. The oscillating part of a plays no role.
From now on we shall assume that the magnetic flux is quantized:

® =B, 6 volC € 2nZ ;

the group is then abelian and it is natural to split LZ(Rz) into the Eigenspaces

of {T(m)}:
For ¢ € CJ(R*), k ER?, x € R? we define (with km =k;m, + k,m,):

Uk, X) = Z e-ikmg-im;my®/2 T(m) W(x) ;
meED

itholds for meTI, k € R?:
T(m) Uyp(k, x) = etimmy®/Zeikm p(k, x) .

So Uy is determined by its values on R*T* o C (I'* denotes the 2 dual

lattice of I').We will regard Uy as a function on this domain.

We then have
Theorem 5. U extends to an isomorphism
2
12,02 LZ(C) dk
R

Proof. For ¢y € C8°(R2) the function

1Np(x, m) = e-iac(x)(m) e-immy®/2 4j(x - m)

is in ”2(T") for x € C, and so by Plancherel's theorem:

N



. |U (k, X)I = ”w (X, : )"” 2 .
IR 2/ v @
“r2r*

Now IIUq)Ié:f dx2I (x, a2 = > | px-m)R = pl?
C

mel
this proves injectivity.

Now we give explicitly the adjoint U” : For ¢ € L?(C) dk? define

_ . . . 2
¢(x,m):= elkm g-iac(x)(m) g-immy®/2 ok, X)® dk xEC,mED
IR 2/

*

R 2T
and
U o(x) = ¢(x-[x],-[x]) (xER?)

( [x] denotes the integral part of x with respect to the basis {ej,e;}) .
Then U'p €EL2(R?) and (U, Y2 = (¢, Up),. O

In order to describe the corresponding decomposition of H we introduce for
k ER?T" the operator
H(K) := 2, (Dy - ay)’
i

defined on the core
B(H(k)) = {9 € C(C) < C*(C); [(-id,, - am)]” ¢(x - m)
= elkm e-fact0m) eimima®/2 [(-ig, - a(n)] @(x)
< [(-i9, - a(n)]* T(m)p = elkm eimm®/2[(-ig - a(n))]* ¢
for m=<m,,m>ET, o €{0,1},x EIC s.t. x+mEICJ .

Then it holds:
a2
IR 2T

Theorem 6. UHU ! = f H(k)
R

Proof. It is sufficient to show the equality

11



2
UH=| Hkx) % U
IR 2"
@

on the core C8° (R2) of H.

Firstly we remark that for ¢ € CSO (Rz) it holds that Uy € | B(H(k)) dk2.

@
We have already verified that Uwy(k, - ) is an eigenfunction of the group
{T(m)} so the required boundary conditions hold for Un; the fact that
{T(m)} commutes with (-id-a) implies their validity for the covariant

derivatives. Secondly as H(k) commutes with {T(m)} we have:

H(k) dk? Uy = (2 (D - aj)? ), eikm eiq’mlmz/ZT(m)w) dKk2
j m

@ ®

(2 eikm ei<1>m1m2/2T(m) 2 (])J - aJ)Z‘P) dk?
m J
@

UHy Q

The Bloch analysis may be regarded from a geometrical point of view; this is
based on the observation that for k € R*T™ there exists a HLBC over the
torus R*/T such that H(k) is unitarily equivalent to its Bochner Laplacian. We
shall construct such a HLBC for k = 0, after that we shall prove the assertion
for all k.

Choose a HLBC which is defined by the following data in the p,q coordinates

(we give only the parts which are relevant for our purpose):

a =a. +a,. . E*aZ(p’ q) =-0 q dp + E*aOSC ’

E*a3(p,q) :=®pdg+ E*a__;with E*al(p, q) =-®/2(pdq-qdp):

osc ?

Ciy (E(p,q)) =€l ®2pq | C3 (E(p,q)) :=e-i®2pq

By Proposition 4 the Bochner Laplacian on this HLBC is unitarily equivalent
to the closure of ., (Dy - ax)* defined on the C*(V,) < C*(V,) functions

which satisfy the bjoundary conditions:
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(9,, - ia(m)* @(E((0, ) + (1, 9)))
= ¢ ,(E(1, q)) ¢, (EQ, 9))(9, - ia(m))* p(E(0, q))
= exp(i @/2 q) (9,, - ia(m))* p(E(0, q))

(9, - ia(m)“@(E((p, 0) + (0, 1)))

= exp(-i ®/2 p)(, - ia(m)“G(E(p, 0))

for a€ {0, 1}, p,q €[0, 1];
but this operator is H(0)!

So for the connection on this bundle it holds:

V*V = H(0) .
For general k we have
Theorem 7. For k ERIT” there exists one and only one (equivalence
class of) HLBsC such that
V'V = H(k)

Proof. By Theorem 2 the set of all (equivalence classes of) HLBsC is
isomorphic to Hl(RZ/F, S"). We now construct an explicit bijection of this

space to RAT* , which makes the role of the boundary conditions transparent.

Denote by Hk({Uj}, G) the k-th Cech cohomology group relative to {Uj}
with coefficients in the locally constant functions with values in the abelian
group G We make use of the fact that Hk({Uj}, G) 1is isomorphic to Hk(M,
G), the singular cohomology with coefficients in G [G]. For the machinery the
reader might refer to [W], [G], [B-T].

An element f € HOR?T,S!) = HO({Uj}, S') is characterized by

f=(f,,f,,f5,1,)

where fJ are constant functions on Uj .

1



An element f€ H!(R*T,S!) = Hl({Uj}, S') is characterized by

=515 4 53 154, T30)
where fJ . are locally constant functions on Uj < U, with fjk fi flj =1on

Uj <> U, <> U, . They are determined by their values on the connected compo-

nents of Uj < U,.

These regions can be visualized as follows (c.f. the graphic in section 2):

L a1l jur L 1|1 r
1 r S e
il Ij il I:” Ijr 4 Ij il
Up, Uj; Uis=Uy U,, Usy

Fig. 3: Intersections of the cover.

For example f |, is determined by the tuple (ur, u”, d”, dr),, € (SH*.
The coboundary operator

0:HY ({U}, ") GH'({U;}, 81)
is defined by

S((F, £y, 5, £ = £ £ 1
We claim that f may be represented in the following way:
f=((",1);,, (u,d); 5, (ur,v”,d”,dr), 4, ...)

=((o, 1), (B, D, B, Bt @, 1), B, P, oo, 1), (B, 1, (o, 1)) (D)
3 ((L,y,m, )

with

— o— o—— f— o—
0 ="00 s Primuygdyy s viEn L ni=dyy, Ti=dry,

11



(where for example dr,, is the inverse of the value of f,, in the lower right

component of U, ,).
In order to indicate how this is derived, we check this identity on f,; .
3 ((1,y,M,0)y5= m1(1,1,1,1) = dr,,(1,1,1,1).
Using the cocycle coditions one gets
B, Bort, !, DS (1,7, M, ©)y3
= (u3dydry5,up3dy 1y 1y 5dry 5,1y 1y dry 3, dry 5)
= (U3 Uy 3ds40y 1 dy 515 dy 5, dry )
= (ury3, uly5,dly 5, dryy) =15
Define for o, € S! the Hl(Rz/F, S1) element
f(o,B) := (e, 1),(B,1),(B, Per, o, LB, B!, el 1),(B, 1) (1))
Using (1) one obtains: The map
R*T* @ H!(R*T,S")

k O f(eiker gike2)

is bijective.

From the description of the non-equivalent HLBsC given by Theorem 2 we

can now conclude:

For every k € R*/T* there exists a unique (equivalence classes of) HLBsC
determined by the data:

(Cij(k), aj) = (fij(e_ikel, eikez ) Cij’ aj)
where (c; i aj) are the data chosen above.

Fix now k in R*/T*. From the structure of f(o,p) and an argumentation anal-
ogous to the one made above for the k = 0 case, one sees that V'V on the

HLBC determined by k is unitarily equivalentto ., (Dx - axl)2 with the jump
j

1K



conditions: eikeiel /2 q in the e direction and eikeze-i ®/2 P in the e, direction.
This operator is H(k).

We now give an interpretation of Bloch analysis in geometric language:

Corollary 9. Given a real closed two-form b on R® which projects to
an integral two-form b on R*/T.

Then the direct integral of the Bochner Laplacians over all non-equivalent
HLBC over the torus with curvature b is unitarily equivalent to the unique

Bochner Laplacian on the HLBC with curvature b on its universal cover.
For the Torus one may adopt a slightly different point of view:

Fix a HLB so that a connection with curvature b exists (i.e.: the chern class of
the bundle equals the (cohomology class of) b). By Theorem 3 the set of all
(equivalence classes of) connections is Hl(Rz/F, R)/Hl(Rz/F, Z). By

considerations analogous to those which led to Theorem 7 one obtains:
R*T* = H!(R*T, RyH!(R*T, Z) = H!(R*T, S!)

and for every k in R/T™ there is exactly one connection (up to equivalence)
with V'V = H(k).

So we have:

Given a real closed two-form b on R which projects to an integral two-

~

form b on RIT.

Then the direct integral of the Bochner Laplacians over all non-equivalent
connections on a suitable HLB over the torus with curvature b is unitarily
equivalent to the unique Bochner Laplacian on the HLBC with curvature b

on its universal cover.

Again we remark that for manifolds with torsion like RP3 these two points of

view are not equivalent.

To summarize the content of section 3:

1A



We carried out a Bloch analysis for particles in a periodic magnetic field and

gave a geometric reinterpretation in term of a sum over all connections.
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